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INTRODUCTION 
The transport of momentum, energy and mass are basic 
processes that occur in most Chemical Engineering equipment. 
In most of this equipment the transport processes occur by 
the combined action of laminar and turbulent mechanisms. 
Due to the complexity of turbulence, quantitative design 
approaches are difficult. However, the importance of 
turbulence on the transport processes in equipment design 
makes a study of this phenomenon necessary. 
Heat transfer to fluids flowing in tubes in forced 
convection is one of the more widely used transport pro­
cesses in industry. It is employed in equipment ranging 
from drinking fountains to rocket engines. Many investiga­
tions on externally heating or cooling fluids flowing in 
pipes by another fluid or some other means have been made. 
An excellent review of the work can be found in the book, 
"Heat Transmission," by McAdams (60). 
In single phase turbulent flow, heat and mass are 
transported by the combined effects of molecular and turbu­
lent diffusion. Turbulent diffusion, or mixing, is pro­
duced and promoted by the non-uniformity of the velocity of 
various fluid elements which causes eddies that bring to­
gether various portions of fluid having different tempera­
tures or concentrations. The combined effects of such 
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mixing and molecular diffusion can be expressed in the flux 
equation for turbulent flow as an empirical parameter called 
the total diffusivity. Since turbulent diffusion in a tube 
flow system is not an isotropic process, this diffusivity 
is a complex function of molecular properties, of position 
from the tube wall, of velocity, and of other flow char­
acteristics. Present correlations are based on over-all 
effects and are often inadequate for design purposes. 
In the majority of the theoretical studies on heat 
transfer to fluids flowing in turbulence, the eddy, or 
turbulent thermal diffusivity is assumed to be equal to the 
eddy momentum diffusivity. This is done because: (a) it 
is assumed that heat and momentum are transported in fluids 
in turbulent motion by similar mechanisms and (b) there are 
very limited eddy thermal diffusivity data available. It 
has been shown in various studies, such as that of Seagrave 
(83) in mass transfer, that this assumption is not correct. 
Some analogies between heat, mass and momentum trans­
fer processes in turbulent flow can be made. But often the 
tendency is to over-extend these analogies into unwarranted 
areas. The analogy between heat and momentum transfer 
exists only in that the differential equations describing 
the transfer processes are similar. The total diffusivities 
of heat and momentum are not necessarily equal or even 
proportional. However, it is often possible to use momentum 
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diffusivities to qualitatively describe the heat transfer 
characteristics of turbulent flow over a defined range of 
conditions. It is therefore the object of this research 
not only to determine these diffusivities but also to test 
these analogies. 
The apparatus on which the heat and momentum diffusiv­
ities were determined in this research was that of a long 
tube with a constant wall heat flux. The tube was of suf­
ficient length so that the velocity and temperature pro­
files at the axial position, where measurements were taken, 
were fully established. Also, at this length, the tempera­
ture was linear with respect to axial position. This 
system has boundary conditions, such that the steady-state 
energy equation was solved for the radial eddy thermal 
diffusivity without assuming the axial conduction term to 
be negligible. The only assumption that was made in con­
nection with this term was that in the region outside of 
the thermal entrance area the axial eddy diffusivities were 
independent of axial position. Data were taken for Reynolds 
numbers of 10,670, 14,480, 15,970 and 18,770. 
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LITERATURE SURVEY 
Introduction 
A general introduction to the subject of turbulent 
diffusion may be found in the following chemical engi­
neering texts: Brown (9), McAdams (60), Perry (67), 
Knudsen and Katz (50), and Foust et al. (29). 
More specific discussions of the subject can be found 
in Bird ejb al. (7), Goldstein (34), Schlichting (79), and 
Hinze (39). A summary of the role of fluid mechanics in 
chemical engineering was given by Sage (76). Sage and 
Opfell (77) presented a comprehensive summary of the trans­
port of heat, mass and momentum in fluids in turbulent flow. 
— Turbulent Flow 
Since turbulent diffusion takes place because of the 
turbulent nature of flowing fluid, any study of it must 
ultimately lead to a study of turbulence itself. Hence, 
many studies have been made on the mechanics and structure 
of turbulent flow. 
About the earliest study of turbulence was conducted 
by Reynolds (71) where he proposed his dimensionless number 
for correlating turbulent flow properties. Bakhmeteff (3) 
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reviewed the original classical theories on turbulence made 
by Prandtl, Taylor and von Karman. About the most complete 
review of these theories and more recent work was made by 
Hinze (39). In his book, Hinze covers such areas of 
turbulence as isotropic and nonisotropic turbulence, wall 
turbulence, and transport processes. Also, he discusses 
principles and techniques in the measurement of turbulent 
flows. Another book on turbulent flow by Schlichting (79) 
takes the more basic mathematical approach to the subject 
with particular emphasis on the use of boundary layer 
theory. Special emphasis in this book is given to the... 
origin of turbulence and to the solution of boundary layer 
equations for some special physical situations. Corrsin 
(l6) reviewed many of the present concepts of turbulent 
flow. 
Laufer (51) made some experimental studies on the 
structure of turbulence in fully developed pipe flow of 
air. Another investigation on air flow in tubes was made 
by Deissler (19). He conducted an experimental and 
analytical study of adiabatic turbulence. Stirba and Hurt 
(91) made studies on the turbulence in falling liquid films 
putting special emphasis on applications to wetted-wall 
columns. Pal (66) in his two-volume summary of viscous 
flow has a discussion on turbulent flow also. A theory of 
an idealized turbulent mixer by postulating stationary 
isotropic turbulence was investigated by Côrrsin (15). 
There have been several investigations of turbulent 
flow which have employed photographic and visual techniques 
to investigate some of the properties of turbulent flow. 
Fage and Townsend (25) used an ultramicroscope to determine 
the motion of small illuminated particles in a square duct. 
In another investigation by Friedlander (31) the behavior 
of suspended particles in a flowing fluid was related to a 
mean square velocity fluctuation. Lindgren (55) photo­
graphed birefringent bentonite suspensions flowing in 
square plexiglass tubes. He investigated the turbulent 
core and laminar sublayer with probes acting as disturb­
ances. His photographs indicated that the classical value 
of 2100 for the critical Reynolds number is.not the correct 
value in all cases, 
. Prengle and Rothfus (69) studied the transition be­
tween laminar and turbulent flow in water using a dye 
injection system. They found that discrete eddies were 
formed at Reynolds numbers of 1500-2100. A similar study 
was made by Whan and Rothfus (101) for flow between paral­
lel plates. Hanrattyet al. (37) investigated this same 
effect for a system of water being heated. . They found that 
the critical Reynolds number is reduced under heating con­
ditions. 
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Turbulent Diffusion 
Some analogies between the transport processes of heat, 
mass and momentum in turbulent flow can be made because of 
the similarity between the differential equations describing 
these processes. If analogies do exist between these pro­
cesses, it might be possible to express parameters which 
determine the transport of one quantity in terms of parame­
ters which determine the transport of another quantity. 
Theories and correlations 
The earliest turbulent diffusion analogy was proposed 
by Reynolds (72) in 1874. He proposed that all the trans­
port processes in turbulent flow take place by the same 
mechanism. This implies that the turbulent Prandtl number 
should be equal to unity. Sherwood (86) in his work used 
this analogy to demonstrate how the three processes can be 
related. 
Another theory which postulates similar mechanisms for 
the transport processes was proposed by Prandtl (68). He 
made an analogy between kinetic theory of gases and char­
acteristics of turbulence. According to the kinetic theory 
of gases the kinematic viscosity is equal to the product of 
the root-mean-square velocity of the molecules and the mean 
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free path. Prandtl assumed analogously that the coeffi­
cient of eddy viscosity (e ) was equal to the product of 
the "mixing-length" and some suitable velocity. His final 
expression for the turbulent stress tensor is 
Ty = - Pl^l<*vx/dy| (dvx/dy) (Eq. l) 
where 1 is the momentum transfer mixing length. The eddy 
diffusivity would then be 
em - ^ ldVayl 2) 
Prandtl originally postulated his theory for any transfer­
able property of the fluid so that the expression for the 
turbulent heat flux would be 
qy = - pCply|dvx/dy|dT/dy (Eq. 3) 
where 
eH = lgldv^dyl (Eq. 4) 
In most of the applications of this theory 1 is assumed to 
be equal to 1^ although this has been shown not to be true 
by Reichardt (70). Azer and Chao (2) have modified 
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Prandtl1 s mixing-length theory by assuming there is con­
tinuous change of the transported quantity in an eddy 
during the time of flight of the eddy. Other modifications 
of Prandtl's theory have been made by Jenkins (42) and 
Dwyer (21). 
In developing his theory Prandtl made two assumptions 
about the mixing-length which are: (a) that it is a con­
stant in a cross section of the mixing zone in free turbu­
lent flow and (b) that it is proportional to the width of 
the mixing zone, von Karman (48) made other assumptions 
concerning the value of the mixing-length in that he assumed 
it could be determined by local flow conditions, and that 
it may be described in terms of quantities determined by 
these local conditions. Such quantities are the deriva­
tives of the mean flow velocity at a point in the flow 
field. Also, von Karman assumed that the flow pattern 
shows geometrical similarity everywhere, throughout the flow 
field. Since the derivatives of the mean velocity are 
assumed to be the quantities that are determined by local 
conditions, the simplest way to obtain à characteristic 
length scale is from the ratio between the first and second 
lateral derivatives of the mean velocity. The general con­
dition of geometrical similarity requires that 
1I(d2vx/dy2)/(dvx/ôy)I ~ const. = K (Eq. 5) 
10 
(Eq. 6) 
The expression for the turbulent heat flux is then 
Qy = - 0CpK2|(dvx/dy)5/(d2vx/dy2) |dT/dy (Eq. ?) 
A similar expression can be written for the shear stress 
tensor. 
About the same time that Prandtl developed his mixing-
length theory, Taylor (97) .proposed a similar theory for 
the case of free turbulence. He based his theory on the 
transfer of vortlcity (w) which he assumed to remain con­
stant throughout the process of turbulent mixing. Vorticity 
is defined as the'anti-symmetrical part of the shear stress 
•tensor which determines rotation without deformation of a. 
fluid element. Using this idea Taylor derived an expres­
sion for the transfer of momentum from which eddy momentum 
diffusivity is 
€
m = 
euj = ljj/2fdvx/dy| (Eq. 8) 
where 1 is the vorticity mixing-length. Comparing Prandtl's 
and Taylor's mixing-lengths shows that 
or 
1 = K|(dvx/dy)/(d 2vx/5y2)| 
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(Eq. 9) 
Taylor (96) in a later paper made a comparison between 
his theory and Prandtl1 s momentum transfer theory by de­
riving expressions for the velocity and temperature distri­
butions in the wake behind a heated cylinder which approxi­
mates the condition of free turbulence. . He showed that 
both methods gave the same velocity distributions, but that 
à wider temperature distribution was predicted using his 
theory compared to Prandtl's. This he showed to be true 
using experimental data taken in the wake behind a heated 
cylinder. This difference between Prandtl's and Taylor's 
theories for the temperature distribution is because Taylor 
assumed 1^ = 1H and Prandtl assumed lm = 1^. As was shown 
earlier, lm = /2 lm, hence, the temperature distributions 
predicted by the vorticity transfer theory will be wider 
than the one predicted by the momentum transfer theory. 
Comparing heat and momentum diffusivities derived by 
the vorticity transfer theory shows that 
NPr " VeH = °-5 (Eq. 10) 
Hence, this theory says- that eddy momentum diffusivity does 
not equal eddy thermal diffusivity. 
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Taylor (95) proposed another theory on turbulent dif­
fusion by taking into account the continuous movements of 
the fluid particles. By considering the path of a marked 
fluid particle during its motion through the flow field, 
Taylor derived the following relation for thé eddy dif­
fusivity 
* 
. t 
€  
= j v x(t)v x(t + T) dr (Eq. 11) 
The term vx(t)v (t + T) is the correlation of the motion of 
the fluid particles at two different times, t and t + r. 
The eddy diffusivity determined in this theory applies for 
any transferable quantity. 
Reynolds analogy applies only for fully developed 
turbulence, but in pipe flow there is also a laminar region 
near the pipe wall in which this analogy does not apply. 
One modification of Reynolds analogy has been proposed by 
Deissler (17) in which he assumed a flow region near the 
wall and the turbulent core flow region. In his analysis 
of the problem, he assumed that Reynolds analogy can be 
applied to each region separately, and that the transport 
fluxes are constant (qwall = *3y) ' He suggested the fol­
lowing equation for the diffusivities in the region near 
the wall 
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ey = n2vxy(l - exp(- n^y/v) ) (Eq. 12) 
where n. is a pure constant. For the turbulent region he 
suggested von Karman1 s expression for the diffusivities be 
used. — 
With the above and other assumptions along with the 
above expressions for the diffusivities Deissler solved the 
equations of change to get velocity, temperature and con­
centration profiles along with film heat transfer coeffi­
cients. He compared his velocity profiles and film heat 
transfer coefficients with experimental data and found that 
the average deviation was less than 10 per cent with the 
maximum deviation being about 20 per cent for Prandtl num­
bers up to 3#000. One conclusion that he drew was that . 
since his results compared favorably with experimental data, 
his assumption of em = for each flow region was satis­
factory. 
A good discussion of these correlations and theories 
is given by Hinze (39) and Schlichting (79). 
Heat transport 
All known experimental work in thermal diffusion has 
been conducted on systems using low Prandtl number fluids 
such as liquid metals or air. Only theoretical studies. 
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have considered high Prandtl number fluids such as water. 
One investigation on liquid metals was conducted by 
Isakoff and Drew (4l). In their study on mercury they 
found that 1/Npr varied directly with the 0.46 power of the 
Reynolds number. ' Also, it varied as a function of the posi­
tion in the cross section of the tube independent of the 
Reynolds number. 
Brown et al. (10) also made a study of the diffus!vi-
t ties of mercury. They found that Npr did not vary as 
greatly with respect to radial position in the turbulent 
core as was shown by Isakoff and.Drew. In fact, Npr was 
never less than one but approached one as Reynolds number 
increased while Isakoff and Drew for the same Reynolds num­
bers showed that Npr- was less than one. 
An interesting theoretical study of eddy diffusivities 
of liquid metals was made by Azer and Chao (2) in which 
they modified Prandtl's mixing-length theory. They assumed 
there is a continuous change of momentum and energy during 
the flight of the eddy instead of a transfer of momentum or 
energy after the eddy has moved from one layer of fluid to 
another layer of fluid at a different level of energy and, 
or momentum as was assumed by Prandtl. 
Using this assumed mechanism of transfer Azer and Chao 
developed two semi-theoretical expressions for Np which 
hold for fluids with Prandtl numbers ranging from 0.6 to 15 
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and for liquid metals with Npr ~ 0.02. Their results 
showed for fluids with a Prandtl number from 1 to 10 that 
Npr values are less than one for all radial positions, and 
that they deviated farther from one at a given radial posi­
tion as Reynolds number increased. Npp showed an opposite 
effect for liquid metals with a Prandtl number of 0.02 in 
that they approached one as Reynolds number went to infinity 
and in that they were greater than one for all other 
Reynolds numbers and radial positions. 
Marchello and Toor (58) proposed a "Mixing Model" for 
transport of momentum, mass or heat near a fluid boundary. 
Their model assumes that at low turbulence levels (or at 
fluid boundaries) localized mixing occurs rather than gross 
displacement of fluid elements. This model predicts that 
the turbulent Prandtl number increases with increasing 
molecular Prandtl number, increases with Reynolds number 
for molecular Prandtl numbers greater than one, and de­
creases with Reynolds number for molecular Prandtl numbers 
less than one. Thé opposite effect of molecular Prandtl 
number is predicted by Jenkins Exchange Coefficient Model 
(42) which applies for regions of free turbulence. At high 
Reynolds numbers, the turbulent Prandtl number is predicted 
to approach unity by the Exchange Coefficient Model. 
Marchello and Toor made a comparison of the two models and 
concluded that their model should be used at fluid 
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boundaries (y+ < 26) and Jenkins Exchange Coefficient Model 
in the turbulent core region. 
Martinelli (59) made a theoretical heat transfer study 
for low Prandtl number fluids or molten metals. In his 
study he considered a laminar sublayer, buffer layer and a 
turbulent core as being the different divisions of the 
turbulent flow field. He then derived equations for 
temperature profiles and Nusselt number keeping Npp to be 
some constant. In order to calculate numerical values he 
i. 
assumed Npp to be equal to one as is done in the majority 
of the theoretical studies. 
Jenkins et al. (43), Schlinger et al. (80), Corcoran 
et al. (13, 14), Page et al. (64, 65) and Cavers et al. 
(ll) made eddy diffusivity studies on the same apparatus 
for air flowing through a channel. Some of the character­
istics of turbulent diffusion which they studied were the 
effect of position in the flow stream and of Reynolds num­
ber on the eddy diffusivities. A review of these studies 
was given by Sage and Opfell (77). In all these investiga-
tions they found N£p to be less than one. Schlinger et al. 
4-
did show that as Reynolds number increased, Npr approached 
one. 
Jenkins also developed a modified mixing-length model. 
In his model he assumed that as an eddy moved from one 
position in the turbulent flow field to another position. 
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it continually transferred heat by molecular conduction. 
Such an effect was first described in terms of an exchange 
coefficient by Batchelor (5). Jenkins model predicted a 
decrease in the turbulent Prandtl number with increasing 
molecular Prandtl number. Low molecular Prandtl number 
fluids were predicted to have a turbulent Prandtl number 
greater than one, and high molecular Prandtl number fluids 
were predicted to have a turbulent Prandtl number less than 
one. The cross-over point was at a molecular Prandtl num­
ber of unity. 
Abbrecht and Churchill (1) made a study of eddy momen­
tum and thermal diffusivities of air in the thermal entrance 
region and found the diffusivities to be independent of the 
length of this region. This implies that and are 
functions of the fluid motion only. They gave a plot of 
t t 1/Npr versus radial position which showed that 1/Npp 
equaled one in the turbulent core and increased as the wall 
was approached. There was some scatter of data points in 
this plot which to them implied that the ratio of dif­
fusivities was random with respect to Reynolds number as 
well as entrance length. 
A theoretical study of the thermal entrance length for 
flow through a tube with a constant wall heat flux was made 
by Sparrow £t al. (89). In this study they defined the 
entrance length as that distance where the local heat 
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transfer coefficient approached within five per cent of the 
fully developed value of the coefficient, or NNu/(NNu)œ = 
1.05. They solved the equation of change by dividing the 
solution into two parts, one solution for the entry region 
and the other solution for the region where the temperature 
profile is fully developed. In order to solve the equation 
of change they assumed that Np equaled one, and then used 
the equation developed by Deissler for eddy momentum dif­
fusivity. They then determined an entrance length of 
L/D = 13 for a fluid with a Prandtl number of 0.7. Abbrecht 
and Churchill determined experimentally an entrance length 
of 10 for air which agrees very favorably with their value 
of 13. Sparrow _et al. made a comparison of their entrance 
length with entrance lengths determined by Deissler and some 
experimental data. They found that the experimental data 
fell in between their results and Deissler's (l8) which 
they concluded was due to the assumptions of Npr = 1 and of 
constant fluid properties. Siegel and Sparrow (87) made a 
similar analytical study for systems with arbitrary internal 
heat sources and wall heat transfer. 
Johnk (44) made an investigation of the radial tempera­
ture and eddy thermal diffusivity profiles in the thermal 
entrance region. Empirical expressions describing the 
fully developed and entrance region temperature profiles 
were obtained. The eddy diffusivity profiles determined in 
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the entrance region varied with distance downstream which 
Johnk said indicated the effect of time dependency on the 
turbulent diffusion process. 
An analytical and experimental investigation on the 
effect of wall-temperature distribution on the rate of heat 
transfer to fluids flowing in turbulent flow in pipes was 
conducted by SIelcher (88). He determined that the thermal 
entrance region for water and oils is about ten pipe 
diameters. One interesting conclusion which he made was 
that the thermal entry length for liquid metals is large. 
He found for a fluid with a Prandtl number of 0.025 flowing 
in a tube with a constant wall heat flux at a Reynolds 
number of 12,000 had an entry length of 44 pipe diameters. 
Baldwin and Walsh (4) made a study of eddy diffusion 
of heat from a line source for flow of air in a tube. They 
found in using the Taylor diffusion model that turbulence 
in the turbulent core region is approximately homogeneous 
and isotropic. 
A very complete analytical study of heat transfer in a 
tube with constant wall temperature has been made by 
Beckers (6). His approach was to divide the cross section 
of the tube into three concentric parts (turbulent core, 
transition layer, and laminar sublayer) and write a 
separate formula for the velocity and momentum diffusivity 
for each of these three regions. The eddy thermal 
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diffusivities were calculated for each of the regions by 
assuming the Npr was a constant. The general solutions of 
these differential equations were then determined for each 
region and made continuous at the boundaries. The final 
results were the determination of heat transfer rate and 
temperature distribution for the case of a homogeneous 
entrance temperature. 
Other experimental investigations of turbulent dif­
fusion of heat have been made by McCarter _et_ al. (6l) for 
air flow, Johnson _et al. (45 , 46) for flow of mercury and 
of a lead bismuth eutectic. 
Dwyer (21) in a recent study suggested that the ratio 
of eddy thermal diffusivity to eddy momentum diffusivity 
(l/Npr) should be included in semi-empirical equations for 
estimating heat transfer coefficients. Using a mixing-
length model modified by an exchange coefficient he de­
veloped an equation for estimating heat transfer coeffi­
cients for liquid metals. 
Interesting analytical investigations have been made 
by Hunziker (40) and by Friend and Metzner (32) who studied 
high Prandtl number fluids. Churchill and Balzhiser (12) 
proposed a method which uses the radial heat flux as the 
basis for calculating the eddy thermal diffusivities. 
Schneider (82) studied the effect of axial fluid conduction 
on heat transfer in the. entrance region and concluded that 
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axial diffusion can be neglected for conditions where the 
Peclet number is greater than 100. A review of the recent 
research in heat transfer has been made by Foust (28). 
Momentum transfer 
In studies of heat transport to fluids in turbulent 
flow in pipes, it is necessary to know velocity distribu­
tions. A study of momentum transfer which will yield in­
formation about turbulent momentum diffusivities and 
velocity profiles must therefore be made. Two summaries of 
work done on momentum transfer are given by Corcoran et_ al. 
(13) and by Sage (76). 
Rothfus et_ a_l. (74) determined eddy viscosity and 
Prandtl mixing length profiles for Reynolds numbers between 
g C 
1.2 x 10^ and 3.2 x 10 from velocity data of several in­
vestigations. Deissler (17) proposed an empirical expres­
sion for momentum diffusivity which was derived from a 
dimensional analysis study. * 
Many investigations of experimentally determining 
velocity profiles have been made. Nikuradse (62) has made 
velocity studies on water flowing in tubes. Velocity pro­
files for air flow in pipe have been measured by Laufer 
(51), Deissler (19) and Senecal and Rothfus (85). Also, 
work on air flow in channels has been conducted by Sage and 
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coworkers (13, 64, 65) and by Relchardt (70). 
Delssler (19) and Schlinger _et al. (80) presented 
empirical equations for the velocity distribution near the 
wall which are improvements over the earlier Prandtl-
von Karman profiles. Probably the most complete correla­
tion of velocity profile data is presented by Rothfus 
et al. (75). In this work a modification of the parameter 
correlations of y+ and u+ originally suggested by Nikuradse 
was used. 
Mass transfer 
Since turbulent mass diffusion has somewhat analogous 
behavior as turbulent heat transfer, a review of the in­
vestigations in this area is of value. Some of the more 
significant work in the area of co-axial diffusion in 
fluid streams is reviewed. 
One of the earliest investigations of mass transfer in 
a turbulent gas stream was conducted by Towle and Sherwood 
(99). They injected carbon dioxide and hydrogen at the 
center of a tube and measured concentration profiles over 
the central third of the stream at various axial positions. 
Values for the eddy diffusivities were obtained and an ex­
pression was derived, assuming that eddy diffusivities were 
isotropic, relating the diffusivity to the average 
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velocity, the radius of the tube and the friction factor. 
They found that diffusivities increased with Reynolds num­
ber and decreased with height above the injection point. 
Kalinske and Pien (47) determined eddy diffusivities 
for mixing of a material from a point source in a turbulent 
water stream by utilizing the original equations presented 
by Taylor (93). Levenspiel (52) presented a study of longi­
tudinal mixing of fluids flowing in conduits in which he 
applied design charts which incorporated data from the 
literature to pipeline studies and to design of chemical 
tubular reactors. The equations which he developed re­
lating expected concentration curves at some axial posi­
tion to the axial dispersion coefficient are fairly reli­
able in the laminar region. In a later work Levenspiel and 
Smith (53) used a better similarity criterion by using the 
Peclet number. 
A study of mass transfer between a solid wall and a 
fluid stream where concentrations near the wall were 
measured was made by Lin _et al. (54). Their measurements 
supported a postulated cubic variation of eddy diffusivity 
with position. Schlinger and Sage (8l) measured the diffu­
sion of natural gas injected coaxially into a horizontal 
air stream, and then, assuming no variation of diffusivity 
with radial position, they calculated material balance data 
and compared this with their experimental data. 
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Klinkenberg (49) presented a mathematical approach to 
diffusion from a point source in a fluid moving with a 
uniform velocity in a tube. A general equation for non-
isotropic diffusion was derived, and the effect of unequal 
axial and radial diffusivities which was assumed in the 
derivation was discussed. In their correlations they used 
the parameters of axial distance, radial distance, Peclet 
number and Reynolds number. 
An extensive investigation of dispersion of soluble 
matter in a solvent in laminar flow in a tube has been 
made by Taylor (94). In another work, Taylor (93) ex­
tended the investigation to turbulent flow. By the use of 
Reynolds analogy and a mean square velocity deviation ex­
pression, he derived an expression for the longitudinal 
dispersion coefficient in turbulent flow and used this ex­
pression to predict concentrations at some downstream 
position. 
Taylor's statistical turbulence theory was applied by 
Flint _et al. (27) to point source turbulent diffusion of 
gases and liquids in a pipe. Turbulent diffusivities were 
determined by assuming the turbulent field was homogeneous 
and isotropic. 
Longwell (56) presented a numerical procedure for 
solving turbulent mass transfer problems. Included in his 
work was a graphical solution of the turbulent flow 
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diffusion equation. 
Lynn _et al. (57) studied the mixing of coaxial streams 
of natural gas. They measured the radial concentration and 
velocity profiles at various axial positions and determined 
eddy diffusivities and viscosities as functions of position 
in the central portion of the stream. 
A comprehensive study of axial mixing in tubes is pre­
sented by Tichacek_et al. (98). They found that the effect 
of axial mixing increases as the flow approaches the lami­
nar range. This effect was especially important in a 
transition range between turbulent and laminar flow which 
extends into an area usually considered as being laminar. 
Hegge Zijnen (38) made measurements of heat and mass 
transfer across a plane turbulent jet of air. He found 
that the distributions of heat and mass were identical, but 
he did not get good agreement with theory. 
Frandolig (30) measured concentration profiles at 
various axial positions for low velocity gas streams. 
Using the semi-numerical technique initially employed by 
Fahien and Smith (26) and modified by Dorweiler and Fahien 
(20), the total diffusivities were calculated at these 
positions. Frandolig found that the total radial dif­
fusivity varied considerably with position reaching a 
maximum at the tube center, with a value several times 
molecular diffusivity, and decreasing toward the wall 
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approaching the value of molecular diffusivity. This work 
was continued by Holey (73) who found that at low Reynolds 
numbers, axial diffusion could not be neglected. The 
Peclet number was found to increase with Reynolds number 
throughout the range studied. 
A similar study for coaxial diffusion in liquid 
streams was made by Seagrave (84). He found that the 
radial diffusivity varied with radial position, reaching 
its maximum away from the tube center. Also, he found that 
the axial diffusivity varied with radial position and can 
not be neglected in the turbulent core region. 
Free Convection 
In the forced convection system studied in this re­
search project, the influence of bouyancy forces or body 
forces on fluid flow and heat transfer were assumed to be 
negligible. Actually, these forces are present in fluids, 
such as water, whose density varies with temperature. It 
is therefore necessary to investigate free or natural con­
vection in order to check the above assumption. 
In heat transfer systems like the one studied, there 
could be three regions of heat transfer: (a) forced con­
vection region, (b) free convection region and (c) the 
mixed free and forced convection region. It is necessary 
27 
to know the thickness of the free convection region in order 
that data will be taken outside of this region where the 
assumed model applies. 
The parameters which have been found to influence 
these regions are Reynolds, Prandtl and Grashof numbers 
along with the geometry of the boundaries of the system. 
It is expected that for large Reynolds numbers and small 
Grashof numbers the influence of free convection can be 
neglected. On the other hand, for large Grashof numbers 
and small Reynolds numbers free convection is the dominant 
factor. 
Eckert and Jackson (24) derived an expression for the 
turbulent free convection boundary layer thickness for a 
vertical flat plate using boundary layer theory. Also, 
they derived expressions for the maximum velocity in the 
boundary layer and the boundary layer heat transfer coeffi­
cient. A comparison of values calculated from these ex­
pressions with data taken by Griffiths and Davis (35) was 
made. Eckert and Jackson found that the expression for 
heat transfer coefficients gave values which agreed closely 
with measured values, but that the expressions for the 
boundary layer thickness and maximum velocity in the 
boundary layer gave values which were not in close agree­
ment with the experimentally measured values. 
Eckert _et aJ. (23) defined the free convection region 
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as that region in which the influence of the Grashof number 
on the change in the heat transfer coefficient is less than 
ten per cent. A corresponding definition was used for the 
forced convection region. They presented plots for air and 
water flow in tubes of Grashof number versus Reynolds num­
ber which showed the three regions of heat transfer. They 
also gave the empirical expressions for the boundaries of 
these regions shown on these plots. The experimental data 
used in these plots were taken by them for the air system 
and by Watzinger and Johnson (100) for the water system. . 
In a study by Eckert jet _al. (22) it was found that the 
three regions of heat transfer were independent for a range 
of entrance lengths (L/D) of 5 to 40. This was shown by a 
correlation of Reynolds number and Grashof number based on 
the axial distance. 
Hallman (36) conducted an analytical study of natural 
convection in which he used the Rayleigh number (NRa = 
Npr'Ngr) as the parameter to indicate natural convection 
effects. Investigations on the effect of natural convec­
tion on the transition to turbulence was made by Scheele 
et al. (78) and by Szewezyk (92). Goldstein and Eckert 
(33) studied transient and steady free convection boundary 
layer on a vertical flat plate. 
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DESCRIPTION OF EQUIPMENT AND PROCEDURE 
Apparatus 
The apparatus used in the determination of eddy 
thermal diffusivity of distilled water is shown schemat­
ically in Figure 1. The test section of the apparatus was 
a 3-inch copper tube (2.898 inches ID) 23-feet long. The 
entrance length for the establishment of the velocity pro­
file was 21-feet which is equivalent to 84 pipe diameters. 
Knudsen and Katz (50) in their discussion of velocity 
entrance length suggested a range of 50 to 100 pipe 
diameters for this length. In this investigation the 
entrance length was in the upper end of this range and was 
limited in length by the height of the building ceiling 
where the tube was located. 
The start of the heating section of the tube was 15-
feet from the test section entrance. This distance is 
equivalent to 60 pipe diameters. This heating section was 
constructed by first covering the outside of the tube with 
asbestos paper and then by wrapping it with #10 Hoskin 
Chromel-A heating wire. Each turn of the heating wire was 
spaced about 1/2-inch apart. Fiberglass pipe insulation 
next covered this section and the rest of the tube. This 
heating section extended a length of about 7-feet which was 
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Figure 1. Flow diagram of apparatus 
31 
the rest of the length of the test section. At a point 5.5 
feet above the start of the heating section, the tempera­
ture profiles were determined. This is a thermal entrance 
length of 22 pipe diameters. Sparrow et al. (89) in their 
study on thermal entrance lengths suggest a value of about 
13 pipe diameters for the similar case of constant wall 
heat flux. 
The voltage on the heating wire was controlled by two 
220 volt, 9 ampere Powerstats in parallel. A 0-250 volt 
voltmeter and a 0-30 ampere ampmeter were used to determine 
the power into the heating wire. These meters were cali­
brated to an accuracy of about one per cent. The heat 
losses through the insulation were determined by using 
thermocouples to measure the inside and outside surface 
temperature of the insulation. The heat transfer to the 
water was determined by measuring the inlet and outlet 
water temperature with thermocouples mounted in elbows at 
the inlet and outlet to the tube. With this arrangement a 
heat balance could be made. 
The distilled water was pumped from a 55-gallon stain­
less steel storage drum through the tube by an Eastern 
U34-C bronze centrifugal pump. A 40-gallon galvanized 
range boiler tank was placed between the pump and the tube 
to reduce the pressure fluctuations produced by the pump. 
This tank was pressurized with air and had a sight glass 
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mounted for control of the liquid level. The water flow 
rates were measured with two Brooks guided ribbed rotameters 
which had capacities of 30 and 4 gpm. In order to reuse 
the heated distilled water, a Graham Monobolt 4-pass shell 
and tube heat exchanger was employed. Also, one cooling 
coil made of one-half inch copper tubing in the 55-gallon 
storage drum was used for close control of the inlet water 
temperature. 
A radial traversing impact tube was employed to 
measure the kinetic pressures in order to determine point 
velocities. This tapered tube extended upstream one inch 
from a 3/l6-inch copper tube. The tip of the tube was 
about 20 thousandths of an inch in diameter with an opening 
of about 15 thousandths of an inch. A static pressure tap 
was placed in the wall of the test section at the same 
axial position as the end of the impact tube. The pressure 
differential between the tap and the probe was measured 
with a U-tube manometer with chlorobenzene (sp. gr. 1.105) 
as the manometer fluid. The difference in heights of the 
legs of the manometer was measured with a cathetometer which 
read to one thousandth of a centimeter. 
The temperature profiles were measured by removing the 
impact tube and replacing it with a similar tube which had 
a calibrated copper-constantan thermocouple mounted at the 
tip. The lacquered lead wires from the thermocouple 
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junction passed up the outside of the tapered probe and 
into the 3/l6-inch copper tube. An epoxy resin was used to 
cement the lead wires to the probe and also to increase the 
response time of the thermocouple. This gave the probe a 
diameter of about 40 thousandths of an inch at the tip. A 
Leeds and Northrup K-3 potentiometer was used to measure 
the thermocouple voltages. 
The impact tube and thermocouple probe were positioned 
radially in the three-inch copper tube by a screw travers­
ing mechanism on which was mounted a steel rule for 
measuring the location of the probes. The radial location 
of the probes was known within 1/64-inch. Both probes were 
constructed so that periphery of their tips would touch the 
wall of the test section at one end of the traverse. 
Tube wall temperatures were measured with copper-
constantan thermocouples at heights of 11.6 feet, which was 
below the heating section, and at 16.5 and 21 feet, which 
were within the heating section. At the axial position, 
where temperature and velocity profiles were measured, 
three wall thermocouples were mounted. It was found that 
due to the mounting of the probes and pressure taps at this 
level, these three thermocouples gave different readings. 
As a result, the thermocouple used was the one mounted 
nearest the point where the temperature probe touched the 
inside wall of the tube. The wall thermocouples were 
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soldered In grooves cut to a depth so that the thermocouple 
junctions were flush with the outside wall of the tube. 
Over these soldered junctions Saurereisen Insulation was 
painted. Also, at this axial position there were mounted 
welded thermocouples on the inside and outside wall of the 
fiberglass insulation. These temperature measurements were 
used to determine the heat losses through the insulation. 
In order to determine when steady state conditions had 
been reached, the tube inlet or outlet temperature was 
measured and recorded by a Sargent Model SR potentiometric 
recorder. The 1.25 millivolt range of this recorder was 
used so that the recorder could be read to 0.25°F. 
Procedure 
The temperature and velocity profiles were determined 
for flow rates which correspond to Reynolds numbers of 
10,670, 14,480, 15,970 and 18,870. Separate runs were made 
for the measurement of temperature profiles and the deter­
mination of velocity profiles. 
The procedure for the determination of the velocity 
profiles was as follows. The initial height of one leg of 
the manometer was first measured. Then the pump was 
started and the desired flow rate was set by a globe valve 
and measured by a rotameter. Air to the range boiler tank 
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was turned on, and the liquid level in the tank controlled 
to a constant level by adjusting the by-pass globe valve at 
the pump. Next, power was put on the heating wire to heat 
the distilled water up to about 80°F and to hold this 
temperature. Cooling water to the heat exchanger was 
turned on after the distilled water temperature reached 
80°F. The flow rate of the cooling water was adjusted so 
that the tube inlet or outlet water temperature became con­
stant. For fine control of this water temperature (0.25°F), 
the copper cooling coil in the 55-gallon supply drum was 
employed. After steady-state conditions were reached, 
which usually took about an hour, the static and kinetic 
pressure differences at the various radial positions were 
measured. 
In order to check for natural convection effects, the 
velocity profile at the Reynolds number of 10,670 was de­
termined under isothermal and heating conditions. This was 
the lowest Reynolds number at which experimental data were 
taken, and therefore, the most probable of the Reynolds 
numbers studied for natural convection effects to be 
present. 
A similar procedure was followed to bring the system 
to steady-state conditions for the measurement of tempera­
ture profiles. For these runs, temperatures were measured 
at eight radial positions and four traverses were made. In 
36 
some runs, less traverses were made because of uncon­
trollable system upsets from steady-state conditions. All 
tube wall, insulation wall and tube inlet and outlet water 
flow temperatures were measured. Also, the voltage across 
the heating wire and amperage through the heating wire were 
measured. 
The thermocouple on the temperature probe was cali­
brated at the boiling point of water corrected for atmos­
pheric pressure. Millivolt temperature curves were calcu­
lated using the corrected boiling point of water to 
evaluate the first constant in the following formula 
e = 38.72t + 0.04t2 (Eq. 13) 
where the units on e are microvolts and t is in degrees 
Centigrade. 
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DISCUSSION OF EXPERIMENTAL DATA 
Velocity Profile 
The normalized experimental velocity profile curves 
along with curves calculated from Rothfus _et _al. (75) 
velocity correlation are shown in Figures 2, 3, 4 and 5• 
Each point on the experimental velocity profile curves is 
an averaged value of point velocities from two runs. Each 
point velocity for a run was calculated from several mano­
meter readings. This was necessary because of the pressure 
fluctuations produced by the turbulent flow. The procedure 
which was followed to determine point velocities was one of 
taking four readings of the manometer and averaging them. 
When at least three sets of these averaged readings taken 
at five minute intervals were within 0.01 centimeter of 
each other, these sets of readings were then averaged for 
the final value used in the velocity calculations. The 
probe was then moved to a new position. After a period of 
about fifteen minutes, the procedure was repeated for the 
next point velocity. Velocities at nine radial positions 
were determined in this way. 
The height of the manometer fluid could be measured to 
0.0002 centimeter with the cathetometer. But, because of 
the velocity fluctuations caused by the turbulent motion 
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of the water, the manometer fluid height could only be 
measured accurately to 0.01 centimeter. This deviation of 
0.01 centimeter gives as the maximum deviation a velocity 
difference of about one per cent. 
As Sleicher (88) and Laufer (51) also reported, the 
fluctuations in velocity, especially at lower Reynolds num­
bers, make it difficult to accurately measure velocity pro­
file data. For this reason the Nikuradse universal velocity 
profile type plot (y+ versus u+) was made (Figure 6) using 
the experimental velocity data of the three higher Reynolds 
numbers. This plot correlates the data well and was used 
to determine the velocity profiles at the lowest Reynolds 
numbers as well. 
No natural convection effects on the velocity profile 
were detected for the Reynolds number of 10,670, since no 
significant difference was found between the velocity pro­
file for isothermal conditions compared to heating condi­
tions . 
Temperature Profiles 
The measured temperature profiles are shown in Figures 
7, 8, 9 and 10. Each point on the curves is an averaged 
value of the temperatures measured at that position for 
several traverses. The maximum scatter of measured 
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temperatures at the center of the tube was about 0.5°F, and 
at the position nearest the wall, the maximum temperature 
data scatter was about 1°F. 
The inside wall temperature of the copper tube was 
calculated from a knowledge of the wall thickness, outside 
wall temperature and the thermal conductivity of the tube. 
The thermal conductivity of the copper tube was assumed to 
be equivalent to pure copper. 
It was interesting to observe the trends in the ampli­
tude and frequency of the temperature and velocity fluctua­
tions. The amplitude of the fluctuations was greatest near 
the wall, as expected, where the gradients are the greatest, 
and decreased as the flow rate was increased. The fre­
quencies of the fluctuations were observed to increase as 
the flow rate increased and to be the longest in the 
region nearest the wall. 
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MATHEMATICAL ANALYSIS 
Eddy Thermal Diffusivity 
The system studied was one of water flowing in turbu­
lence through a long tube which had a constant wall heat 
flux. The velocity and temperature profiles were measured 
at a sufficient distance from the entrance of the tube so 
that entrance effects were negligible. The differential 
equation which describes this system is 
PCp(v -VT) = - v !total (Eq. 14) 
with the following assumptions : 
1. Heat produced by viscous dissipation is negligible. 
2. The change in specific volume with respect to 
temperature at constant pressure is negligible. 
3. Density and heat capacity of the water are 
constant within the temperature range of interest. 
In systems of turbulent flow the total heat flux is a 
sum of laminar and turbulent energy fluxes. Fourier's law 
of heat conduction can be applied for the laminar energy 
flux, and an analogous relation can be applied for the 
turbulent energy flux. In the expression for the turbulent 
energy flux, there is introduced the empirical term k* 
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called the turbulent coefficient of thermal conductivity or 
eddy conductivity. The following are the expressions for 
the energy fluxes of this system, 
-total = -1 + -t = _ (kl + kt)dT/dr (Eq. 15) 
total = _ (kl + kbdT/dz (Eq. 16) 
qtota! = o (Eq. 17) 
which are substituted into the original partial differen­
tial equation to give 
PC Dn?z—) = - —tr(lé + khiî] + —[(k* + k')-^] (Eq. 18) 
p zdz r dr r r Br dz z 2 dz 
In writing the above partial differential equation, it is 
assumed that the velocities in the r and 9 directions are 
negligible. Since the heat capacity and density of the 
fluid were assumed constant, the equation can be divided 
by them (pCp) to give 
Vg— = — ~Cr(a + e )—] + —[ (et + e )—] (Eq. 19) 
zdz r dr r r dr dz 2 z dz 
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where 
i = r,z (Eq. 20) 
£i ~ ki/pCp ' i = r.z (Eq. 21) 
is substituted for (a^ + ) in the partial differential 
equation giving 
v_— = - — [rK — ] f —[K —] (Eq. 22) 
dz r dr dr dz dz 
The bars above the time averaged velocity and temperature 
terms will be dropped hereafter for ease of writing. 
For the section of the tube outside of the entrance 
region, the temperature profile is fully established and is 
a linear function with respect to z. Hence, the solution 
of the partial differential equation is of the form 
T = Cz + T(r) (Eq. 23) 
where C is a constant to be determined. The boundary con­
ditions for this system are: 
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1. —(0,z) = 0 (Eq. 24) 
2. — (R, z ) = qR/k 
dr 
(Eq. 25) 
3. T(r,0) = T± (Eq. 26) 
The solution proposed for the partial differential equation 
will satisfy boundary conditions 1 and 2, but it will not 
satisfy boundary condition 3. Therefore, boundary condi­
tion 3 is replaced with the following condition 
which states that the heat transferred through the walls is 
equivalent to the difference between the heat transported 
through the cross section at z = 0 and at z = z. 
The next step was to put the partial differential 
equation into dimensionless form by introducing the fol­
lowing variables: 
2TT R 
2nRzqR = j J* PC (T - Ti)vzrdrd0 
0 0 
(Eq. 27) 
§ = (r/R)2 (Eq. 28) 
C = z/R (Eq. 29) 
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8 = (T - T^/CqpR/k) (Eq. 30) 
v+ = vA (Eq. 31) 
These variables are substituted into Equation 22 to give 
— v+ — = — (SKjM) + i_(K, ii) (Eq. 32) 
4 aç as 5a? 3C 1 ac 
The boundary conditions are then 
1 .  —(0 ,C)  =  0  (Eq. 33) 
2. — (l, G) = 1/2 (Eq. 34) 
3. C = ^ J* 1 6v+d§ (Eq. 35) 
2a 0 
The solution of this differential equation will then be of 
the form 
0 = Ac + *(§) (Eq. 36) 
The constant A is determined by substituting the above 
solution of the partial differential equation into the 
partial differential equation as follows: 
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— v+A = —(SK, M) + i-(KcA) (Eq. 37) 
4 as s as ÔC t 
It was next assumed that is not a function of £ which 
gives the following total differential equation 
— v+A = ^ -(5'Kç ^ 1) (Eq. 38) 
4 d§ d§ 
This equation is next integrated between the center of the 
tube and the wall of the tube, where laminar flow condi­
tions prevail, to give 
— J 1 v+d§ = ^  a (Eq. 39) 
4 0 2 
The expression which defines the average velocity is 
H R 
V = J v(r)rdr/| rdr (Eq. 40) 
0 "0 
Putting the above expression into dimensionless form gives 
1 = J v+d§ (Eq. 41) 
0 
Substituting Equation 4l into Equation 39 and solving for 
A gives 
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A = — (Eq. 42) 
RV 
4k 
DVCpp 
(Eq. 43) 
= — (Eq. 44) 
NPe 
Another expression for the constant A can be derived 
from the definition of the bulk temperature which is 
R R 
T. = | Tvrdr/J vrdr (Eq. 45) 
0 0 
Putting this expression in dimensionless form gives 
0 * J 1 Gv+dS/J" 1 v+d§ (Eq. 46) 
0 0 
Then by substituting the third boundary condition into 
Equation 46 gives 
9b = — C (Eq. 47) 
NPe 
Substituting Equation 44 into the above equation, we get 
another expression for the constant A which is 
A = 0^/C (Eq. 48) 
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Equation 48 is substituted into Equation 38 to give 
the final differential equation. 
( -)v+ = — (§Ke —) (Eq. 49) 
4C dS 5 d§ 
In order to solve for KB, the above differential equa­
tion is integrated between the center and some arbitrary § 
position in the tube to give 
J § v+d§' = §KÇ £1 (Eq. 50) 
4C 0 * dS 
The integral on the left-hand side of the above equation is 
approximated by writing it as a sum where h = 
and the derivative d^/d§ on the right-hand side of the 
equation is approximated by writing it in finite difference 
form. 
jo v> =(5K^W (Eq" 51) 
RV9hh2 E vj 
This is the final equation used to calculate the radial 
diffus!vities. 
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A consistency check was made between the temperature 
and velocity data taken, since they were taken in separate 
runs. This check is derived from solution of the partial 
differential equation, Equation 36. Both sides of the 
equation are multiplied by v+ and integrated between the 
center and the wall of the tube. 
; v+6d§ = 6^ J* v+d§ + J* v"^d§ (Eq. 53) 
9b = 6b + J^1 v+td§ (Eq. 54) 
The final expression used is then 
f 1 v+*d5 = 0 (Eq. 55) 
0 
Eddy Momentum Diffusivity 
The equation of motion which applies for the steady-
state system studied is: 
- ~ - —[r(v + e ) —-] 
p dz r dr dr 
(Eq. 56) 
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where 
P = p - Pgz (Eq. 57) 
The total diffusivity used in this equation is a sum of 
molecular momentum diffusivity (v) and turbulent momentum 
diffusivity (em). The derivative of P with respect to z is 
approximated for this system by -AP/L where L is the length 
of the system. 
Since the 3-inch smooth copper tube was limited in 
length by the building height, AP could not be measured 
accurately. Hence, it was necessary to use an approach 
which employs the Fanning friction factor equation for 
turbulent flow. This equation, as presented in Bird _et al. 
The above equation put into the following form for circular 
tubes is: 
(7), is: 
(Eq. 58) 
AP pV2f 
L R 
(Eq. 59) 
The friction factor used was calculated from the Blasius 
formula, 
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f = 0.0791N~°*25 (Eq. 60) 
which applies for the range of Reynolds numbers studied and 
for smooth tubes. 
Equation 59 is substituted into Equation 56 to give 
the final form of the differential equation. 
— = - —[r(v + e )—1 (Eq. 6l) 
R r dr m dr 
One boundary condition needed for the determination of the 
diffus!vities is: 
dv_ 
——(0,z) = 0 (Eq. 62) 
dr 
Next, this differential equation is put into dimensionless 
form using the dimensionless variables previously employed. 
— = —C§(v + em)— 3 (Eq. 63) 
4 d§ m dS 
The boundary condition will then be 
———[0,G] = 0 (Eq. 64) 
d§ 
The differential equation is next integrated between the 
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limits of Î equal to zero and some arbitrary § value to 
give 
(v + em) = - . 1 (Eq. 65) 
4 (dv+/dS) 
The derivative (dv+/d§) is approximated by the finite dif­
ference form of 
- < (Eq. 66) 
d? h 
Substituting this approximation into Equation 65 gives the 
final expression used to calculate the momentum diffusivi-
ties. 
+ ',)m - - + 1 v+ (Eq- 67) 
k+1 k 
Nusselt Number 
The local Nusselt number (N u^)z can be determined from 
the solution of the energy equation, Equation 14, for turbu­
lent flow conditions if the eddy thermal diffus!vities are 
known. The local Nusselt number is defined as 
- 
h2DA (Eq. 68) 
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where hz, the local film heat transfer coefficient, is 
defined as 
h2 - V<tR - (Eq- ss) 
for heating conditions. Substituting Equation 69 into 
Equation 68 and putting the temperatures into dimensionless 
form gives as the final expression for the local Nusselt 
number 
("nA " 2/(«R " Vz (Eq. 70) 
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DISCUSSION OF RESULTS 
Diffusivity Results 
The values of the eddy thermal and eddy momentum dif-
fusivities were calculated as functions of radial position 
by the methods described previously. The results are pre­
sented in Table 4 in the Appendix and in Figures 11 and 12. 
An analysis of possible errors involved in the deter­
mination of eddy diffusivities was made. The accuracy of 
the final results was difficult to estimate due to the 
complex calculation procedure. 
The analysis of error was made by dividing the pos­
sible errors into two kinds. 
1. Collection of experimental data. 
2. Numerical integration of differential equations. 
The point velocity data were reproducible to within 
five per cent. The radial point temperature readings were 
reproducible to within one per cent. 
The experimental temperature and velocity profile data 
for any one Reynolds number were determined in separate 
runs. As a result, it was necessary to make a check on the 
consistency of the temperature and velocity data. This 
check consisted of the evaluation of an integral, 
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Equation 55. If the value of the integral was zero, then 
the velocity and temperature data were consistent. The 
value of this integral for all four Reynolds numbers 
studied was within ten per cent of being zero. 
A heat balance over the tube was made to check the 
accuracy of the wall heat flux used in the eddy thermal 
diffusivity calculations. It was found that the power into 
the heating wire, less the heat loss through the insulation 
was within five per cent of the heat absorbed by the flow­
ing water. 
The introduction of arbitrary changes in the experi­
mental data to determine the corresponding change in the 
calculated dlffusivities was not a satisfactory method for 
evaluating the possible effect of erroneous experimental 
data. It was impossible to introduce these arbitrary 
changes without causing intrinsic inconsistencies in the 
results as a whole. 
The numerical integration procedure for the solving of 
the differential equations for the dlffusivities probably 
contains the greatest source of error. The error analysis 
of this procedure had to be conducted more on the repro­
ducibility approach, since the procedure was rather complex. 
One of the problems in the numerical integration of 
the differential equations was the accurate determination 
of small differences. It was found that in the calculation 
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of the momentum dlffusivities it was possible that the 
velocity differences could be ten per cent in error leading 
to an error of the same magnitude in the momentum dlffusivi­
ties. In the case of thermal dlffusivities, it was found 
that the differences could be three per cent in error 
which would cause a corresponding three per cent error in 
the thermal dlffusivities. 
From this error analysis it is estimated that the 
probable error for the dlffusivities would be within ten 
per cent. 
In this study it was observed that the eddy thermal 
dlffusivities varied considerably with radial position and 
Reynolds number. The maximum value of the dlffusivities 
does not occur at the center, but shifts slightly toward 
the wall as Reynolds number increases. In only a small 
region near the wall can the eddy thermal dlffusivities be 
neglected [(l - r/R) ~ 0.05]. 
It is interesting to make comparisons between 
Seagrave's work (84) on eddy mass dlffusivities and the 
results of this study. Both eddy thermal and eddy mass 
dlffusivities vary with respect to radial position and 
Reynolds number in a similar manner. It was observed that 
the thermal dlffusivities reached a maximum at a radial 
position further away from the center of the tube than did 
the mass dlffusivities. This is probably due to the 
6? 
difference in Reynolds numbers of the two systems (7,500 
versus 10,670). 
The values of eddy momentum dlffusivities of Seagrave's 
work and of this study are of the same magnitude. The 
momentum dlffusivities of both studies varied with respect 
to radial position and Reynolds number in the same manner 
with the maximum value of the dlffusivities occurring at 
the same radial position (r/R ~ 0.5). The momentum dlf­
fusivities of this work are not equal to zero at the center 
of the tube as reported by Rothfus (74). 
It is interesting to compare the variation of eddy 
momentum and thermal dlffusivities with radial position, 
Figures 11 and 12. Both dlffusivities show a qualitative 
similarity. A comparison of Figures 11 and 12 with 
Seagrave's eddy mass diffusivity results also show a 
qualitative similarity. This might lead to a conclusion 
that all three transport processes are somewhat analogous 
in tube flow systems. Further discussion of this point 
will follow. 
Figures 13 and 14 show the variation of the space 
averaged eddy thermal and eddy momentum dlffusivities with 
Reynolds number. The thermal diffusivity line extrapolates 
to a Reynolds number of 2100, the critical Reynolds number, 
but the momentum diffusivity curve extrapolates to a 
slightly lower value. In making these extrapolations it 
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was interesting to compare these results with Seagrave's 
work. Seagrave's momentum diffusivity results were about 
the same value as the results of this study, but his mass 
dlffusivities were about three times higher than the 
thermal dlffusivities of this study. This would imply that 
an analogy between mass and thermal dlffusivities must de­
pend on molecular properties (Npr and Ngc). The molecular 
Schmidt number for Seagrave's system was about 3,200 while 
the molecular Prandtl number for the system in this work 
was about six. 
Diffusivity Correlation 
Seagrave (84) suggested an expression to correlate 
eddy mass dlffusivities which accounts qualitatively for 
the following three effects : the local velocity, the local 
velocity gradient and the distance from the wall. A simi­
lar correlation was developed for the eddy thermal dlf­
fusivities shown in Figure 11, but the correlation was not 
as successful in correlating the eddy thermal diffusivity 
data as was Seagrave1 s correlation for the eddy mass dif­
fusivity data. The proposed three effects on the eddy 
dlffusivities can be written symbolically as follows: 
eH = ^1 + ^ 2^3 (Eq. 71) 
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where 
cp^ ;= a wall effect, cp^ = K^(l - /f)^ (Eq. 72) 
cp2 = a gradient effect, cp? = Kg/f (Eq. 73) 
cp^ = velocity effect, cp^ = (l - §) (Eq. 74) 
The effects of these factors, cp^, cpg and cp^, on the 
thermal dlffusivities may be explained as follows. 
Deissler (17) and Lin et al. (54) both pointed out 
that in regions near the wall there exists an interaction 
between viscous and turbulent effects. Lin _et al. proposed 
that this interaction may be expressed as the cube of the 
distance from the wall. Therefore, the factor cp^ is intro­
duced to account for this variation. 
In the region near the center of the tube the dif­
fusivity increases with increasing velocity gradient. If 
it can be assumed that the gradient is roughly linear in 
/%, then the diffusivity should also be linear in /§ as 
described by the equation for cp2. 
The diffusivity and velocity both decrease with in­
creasing /f in the region away from the center of the tube. 
For simplicity an expression which is symmetrical in radial 
position (/§), such as Equation 74, was assumed. 
The constants in Equations 72 and 73 were assumed to 
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II 
vary linearly with a translated Reynolds number (NRe) which 
is 
NRe * NRe - 2100 (Eq. 75) 
The resulting equation for the eddy thermal dif­
fus! vity is 
EH « N^ e/108(2.5(l - /f)3 + 7.7/§)(l - §) (Eq. 76) 
This equation represents the curves of Figure 11 for 
Reynolds numbers of about 10,000 to 19,000 and Prandtl 
number of about 6.0 with standard deviation of 0.57x10 \ A 
comparison of the above correlation and the calculated eddy 
thermal diffusivities is shown in Figure 15. 
The type of approach used in this development of this 
diffusivity correlation helps to explain the shape of the 
diffusivlty curves. 
The eddy thermal diffusivities can also be correlated 
with radial position and Reynolds number by a method simi­
lar to that employed by Sage (77) for flow of air between 
parallel plates. Sage used the assumption that the heat 
flux is linear in distance from plate wall and that T+ 
depends on y+ only (not Reynolds number). A plot of 
ejj/a(l/l0) versus y+ was found to correlate the data for 
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all Reynolds numbers. 
In this work, the heat flux was not linear with radial 
position and for this reason a plot of eH/a^  versus y+ was 
tried. The resulting correlation is shown in Figure 16. 
The equation for the curve is 
eHM = C(y+)n (Eq. 77) 
where n equals approximately two and C is a constant. This 
equation can be written as 
e = Ca§[(1 " ^ )RV/f72]n (Eq. 78) 
v 
= 
Fi(")F2(NRe) (Eq. 79) 
where the function of S is proportional to §(l - /§). Such 
an equation exhibits the proper maximum value for the dif-
fusivity, but incorrectly predicts a zero diffusivity at 
the center of a tube. Also, this equation indicates that 
eddy thermal diffusivity would not be linear in velocity as 
shown by the plot of space averaged turbulent Peclet number 
versus Reynolds number, Figure 24. 
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Turbulent Prandtl and Peclet Numbers 
In the study of transport phenomena characteristics, 
It is convenient to describe the transport process in terms 
of a turbulent Prandtl number and a heat transfer Peclet 
number. The turbulent Prandtl number is the ratio of the 
eddy momentum diffusivity to the eddy thermal diffusivity. 
It is defined as 
The Peclet number can be thought of as measuring the ratio 
of momentum, or inertial effects, to the eddy thermal dif­
fusivity. The space average turbulent Peclet number is de­
fined as 
Figures 17, 18, 19 and 20 show the variation of the 
turbulent Prandtl number with radial position with Reynolds 
number as a parameter. From these plots it can be seen 
that the turbulent Prandtl number is not equal to unity or 
is not equal to some constant value. It is near the value 
of unity over the greater range of radial positions, and 
the length of the range of radial positions where it is 
NPr ~ en/eH (Eq. 80) 
< 4e > = 2RV/< eH > (Eq. 81) 
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near unity, increases with increasing Reynolds number. The 
point where the turbulent Prandtl number begins to deviate 
greatly from unity is about at the end of the turbulent 
core region of tube as suggested by Deissler (17), 
(y+ < 26). 
It is interesting to compare these curves with the one 
determined by Seagrave in his study of mass transfer. In 
his study the turbulent Schmidt number, which is analogous 
to the Prandtl number for heat transfer, was predominately 
less than one, but his turbulent Schmidt number did show 
the same trend of increasing as the tube wall was 
approached. For systems using air, which have a Prandtl 
number of 0.7, as studied by Sleicher (88) and by Abbrecht 
(l), the opposite effect was found. In both of their 
studies, the turbulent Prandtl number approached one at the 
center of the tube and decreased as the wall was approached. 
In a theoretical study made by Azer and Chao (2) for a 
fluid with a molecular Prandtl number of ten, which is 
characteristic of liquid systems like water, they predicted 
that the turbulent Prandtl number should be less than one 
at the wall and approach unity as the center of the tube 
is approached. This was not the trend found in this ex­
perimental investigation. 
In Figure 21 the variation of the space averaged 
turbulent Prandtl number with Reynolds number is shown. 
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Prom this plot it was observed that as Reynolds number in­
creases the turbulent Prandtl number approaches the value 
of unity. It can be concluded from this plot that for 
Reynolds number above 20,000, Reynolds analogy applies. 
The effects on the turbulent Prandtl number of radial 
position, molecular properties and Reynolds number as ob­
tained in this study and by other investigators, were com­
pared with the mixing model of Marchello and Toor (58) and 
the exchange coefficient model of Jenkins (42). Two cases 
were considered depending on whether the molecular Prandtl 
or Schmidt numbers are greater or less then unity. 
The first case is represented by this study for which 
the Prandtl number equals six and that of Seagrave for 
which the Schmidt number equals 3,200. Figure 22 illus­
trates the effect of radial position on the turbulent 
Prandtl or Schmidt numbers obtained by these studies. As 
suggested by Marchello and Toor, the mixing model is pre­
sumed to apply near the wall or at y+ < 26 while the ex­
change model is believed to hold in the turbulent core. 
Typical values in these regions, as shown in Figure 22, 
indicate that these models correctly explain, in a quali­
tative manner, the increase with radial position and the 
change from values of turbulent Prandtl or Schmidt number 
less than one at the center of a tube to greater than one 
near the wall of a tube. However, the mixing model would 
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predict higher values near the wall for the mass transfer 
data (Ngc = 3,200) than for heat transfer results (Npr = 
6.0), but data near the wall are not sufficient to show 
this effect. 
Figure 23 shows the situation for molecular Prandtl or 
Schmidt numbers less than one. In the case of gases, the 
results of Roley (73) and Sleicher (88) are predicted by 
the combined models in that the turbulent quantities de­
crease with radial position. (In this case, the experi­
mental data near the center of a tube are limited and it is 
indefinite whether values of Npr greater than one are ob­
tained. 
The case of liquid metals (Npr = 0.02) is illustrated 
by the data of Brown (10). Here the Jenkins model may be 
said to hold throughout the cross section in that a turbu­
lent Prandtl number is greater than unity is predicted. 
However, the higher values near the wall cannot be ex­
plained in terms of a mixing model effect. The large 
thermal conductivity of liquid metals may result in an 
overwhelming predominance of the exchange model mechanism, 
even near the wall. Another explanation is that transport 
phenomena in liquids and gases are not comparable even 
though the Prandtl and Schmidt numbers are the same. 
The exchange model predicts that the turbulent Prandtl 
number should approach unity either from above unity or 
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below unity depending on the molecular Prandtl number. 
This effect is shown by the heat transfer results of this 
investigation, of Brown's and of Sleicher's investigations. 
The mixing model predicts an increase of Npr away from 
unity as Reynolds number increases from a value of 2,000 to 
about 4,000. Above a Reynolds number of about 4,000 the 
mixing model predicts negligible changes in Npr. Both 
Roley's and Seagrave's mass transfer results for low 
Reynolds numbers show this effect. 
From this discussion it can be concluded that the com­
bined models predict some, but not all, the effects on the 
turbulent Prandtl number correctly. Generally speaking, 
the results of this experimental investigation can be ex­
plained by the combined models. Probably a new model which 
combines the mixing model theory and exchange coefficient 
theory could be developed to predict the turbulent Prandtl 
number. 
A summary of this discussion on the exchange model and 
mixing model is given in Table 1. 
The variation of the space averaged heat transfer 
Peclet number with Reynolds number is shown in Figure 24. 
From this plot it can be seen that the eddy thermal dif­
fusivity increases faster than the average velocity. As a 
result, the Peclet number decreases with increasing 
Reynolds number. In Seagrave1 s work the mass transfer 
Table 1, Comparison of various Investigations Npp results 
NSc 
Investi- or 
gation Npr NRe NRe.effect Exchange model Mixing model 
Seagrave 
(84) 
3,200 
This 
study 
5.94 
3,000 
to 
7,500 
Decreases away 
from unity as 
NRe increases. 
10,670 
to 
18,770 
Decreases with 
increasing NRe, 
approaching 
unity as a 
limit. 
Gives qualitative 
results for 
> 1. y+ > 26, Pr 
Increases with 
increasing NRe< 
Gives qualitative 
results for y+ < 26, 
< 1. Approaches 
unity as NRe in­
creases. 
Gives qualitative Gives qualitative 
results for 
y+ > 26, > 1. Pr 
No appreciable 
NRe effect shown. 
results for y < 26, 
N^r < 1. Also shows 
same NR@ effects as 
experimental data. 
00 
oo 
Roley 0.9 5,000 Increases with 
(73) to increasing NRg; 
10,000 increasing to 
values greater 
than unity. 
Gives qualitative 
results for 
y+ < 26, Npr < 1. 
No appreciable 
NRe effect shown. 
Gives qualitative 
results for y+ > 26, 
N^r > 1. Approaches 
unity from greater 
than unity as NRe 
increases. 
Table 1. (Continued) 
Investi­
gation 
NSc 
or 
Npr N. Re NRe effect Exchange model Mixing model 
Sleicher 
(88) 
0.72 14,500 
to 
80,000 
Increases with 
increasing NRg; 
approaches 
unity from 
less than unity 
Gives qualitative 
results for all 
radial positions, 
NPr < Shows 
no appreciable 
NRe effecte 
Does not predict 
NPr" 
Brown 
(10) 
0.02 25,000 
to 
66,000 
Decreases with 
increasing NRe; 
approaching 
unity as a 
limit from 
greater than 
unity. 
Does not predict 
t N Pr* 
Gives qualitative 
results for all 
radial positions, 
Npr > 1. Shows 
same NRg effect as 
experimental data. 
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Figure 24. Variation of space averaged turbulent Peclet 
number with Reynolds number 
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Peclet number versus Reynolds number curves were of similar 
shape. This would Imply that both diffusivities show simi­
lar velocity effects. Prandtl's mlxlng-length theory pre­
dicts that the Peclet number should be a constant (the dif­
fusivity is proportional to the velocity). Both studies on 
heat and mass transfer show that this consequence of 
Prandtl1s theory would apply at high Reynolds numbers. 
Position Numbers 
It has been useful in the study of transport process 
to define dimenslonless position numbers. Since the turbu­
lent diffusivity describes the mixing of heat, mass or 
momentum of various fluid elements, it must depend on the 
local flow conditions of these elements. The turbulence of 
these fluid elements will depend on the distance from a 
fluid boundary and will also depend on the molecular prop­
erties of the fluid, especially when one is comparing 
gaseous and liquid systems. Therefore, a good method to 
compare turbulent diffusion data taken for various fluids 
on different types of apparatus is by plotting turbulent 
position Peclet number versus the position Reynolds numbers 
of the system. These position numbers use point values of 
velocity, diffusivity and position from a fixed surface for 
their evaluation. As suggested by an equation developed by 
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Deissler (17), position Peclet and Reynolds numbers can now 
be defined. 
The radial position heat transfer Peclet is defined as 
NPe = yV/ZeH (E4. 82) 
where y equals the distance from the tube wall. The 
momentum position Peclet is similarly defined as 
NPe = yv/%i (Eq. 83) 
The position Reynolds number is 
NRe = (Eq. 84) 
In each of the above position numbers the tube diameter has 
been replaced with y, and the average velocity has been re­
placed by point velocity. 
One of the most informative ways to investigate the 
results of this study and of other studies is to examine 
the variation of the heat and momentum transfer position 
Peclet numbers with the position Reynolds number. The re­
sults of this investigation are shown on the log-log plots 
of Figures 25, 26, 27 and 28. 
Lin _et al. (54) have presented a relation which 
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predicts the eddy momentum diffusivity for the sublaminar 
flow layer in a tube (y+ < 5). Their relation is 
em/v = (y+/l4.5)3 (Eq. 85) 
Dividing the above equation through by yv and rearranging 
gives 
NPe = NRe(l4-5/y+)3 (Eq. 86) 
For this laminar sublayer y+ = u+, and N^g = u+y+. Then, 
Npe - 3050/(Npe)^ (Eq. 87) 
This equation has been plotted on Figures 25 through 28 and 
+ 1 
extrapolated beyond y =5 (NRe = 25) for comparison with 
the experimental results of this study. 
Deissler (17) has also presented an expression for the 
eddy momentum diffusivity for regions near the wall 
(y+ < 26). His proposed equation is 
e
m = n2vy[l - exp(- n2N^e)] (Eq. 88) 
where n = 0.124. The above equation can be rearranged to 
give 
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Npe = 65/Cl - exp(- n2N e^)] (Eq. 89) 
This equation has also been plotted on Figures 25 through 
28 and extrapolated beyond y+ < 26 (N^e = 340) for compari­
son with experimental results of this study. 
Figures 25 through 28 show that both heat and momentum 
position Peclet number increase with decreasing position 
Reynolds numbers for the lower values of the position 
Reynolds which are for positions near the tube wall. Both 
Deissler's and Lin's expressions predict this trend, but 
they do not predict as great an increase in the position 
Peclet number as the results of this study show. The 
reason for the increase in position Peclet number as posi­
tion Reynolds number decreases may be due to the fact that 
the laminar film thickness increases with decreasing 
Reynolds number. 
The semi-empirical expression, Equation 76, for eddy 
thermal diffusivity suggests that diffusivities are func­
tions of Reynolds number and radial position. If the 
Reynolds number dependency is removed by combining the 
"Corrected Reynolds" number with the diffusivity, an ex­
pression is formed which depends on radial position only. 
, 
11 « 
Hence, a plot of efj/NRe versus NRg should give one curve 
for all eddy thermal diffusivities. This plot is shown in 
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Figure 29. 
This correlation was extended to momentum and mass 
diffusivities to see if one correlation could be applied to 
all diffusivities. As can be seen from Figure 29, this was 
not the case. It can be seen that the thermal diffusivities 
correlated better on this plot than did the mass diffusivi­
ties. For this reason, it is questionable that Seagrave1 s 
proposed mass diffusivity correlation is functionally cor­
rect. Also, this plot shows that terms other than N^e and 
radial position must determine eddy diffusivity results. 
From Figures 25 through 28 it can be concluded that 
there is only a limited analogy between heat and momentum 
transfer in the Reynolds number range studied, in that the 
position numbers are roughly the same magnitude and show 
the same qualitative variation. This same conclusion was 
drawn by Seagrave for his comparison of mass and momentum 
diffusivities. The thermal position Peclet number curves 
of this study showed a greater similarity in shape to the 
momentum position Peclet number curve than did Seagrave's 
mass position Peclet number curve compared to his momentum 
position Peclet number curve. From these curves it could 
be concluded that there is a greater analogy between heat 
and momentum diffusivities than there is between mass and 
momentum diffusivities. However, in both cases, the actual 
ratio of the diffusivities (the turbulent Prandtl and 
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Schmidt number) differs considerably from unity. 
Nusselt Number 
The local Nusselt number was calculated using Equation 
70 and plotted versus Reynolds number (Figure 30). Along 
with the results of this study, values for the Nusselt 
number calculated from the Dittus-Boelter Equation, 
NNU " °-°23(NRe)°-8(Npr)0-4 (Eq. 90) 
were plotted. A direct comparison between the two curves 
qannot be made since the Nusselt number determined in this 
investigation depends on axial position and the Dittus-
Boelter Equation predicts a Nusselt number for over-all 
conditions. But, roughly, both Nusselt numbers have the 
same values. Both Nusselt number curves in Figure 30 are 
for water with a Prandtl number of 5.94, and the local 
Nusselt number values are for an (L/D) ratio of 22. 
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Figure 30. Variation of local Nusselt number and overall 
Nusselt number with Reynolds number 
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SUMMARY AND CONCLUSIONS 
1. Temperature and velocity profile data have been 
measured for turbulent flow of water (Npr = 5.94) In a tube 
at Reynolds numbers of 10,670 to 18,770. 
2. Eddy thermal diffusivities and eddy momentum dif­
fusivities as a function of radial position were calculated 
from these profile data. The diffusivity curves indicated 
that maximum values of the diffusivities are reached at a 
position about midway between the center and wall of the 
tube. These eddy diffusivity results were correlated with 
Reynold? and radial position. 
3. The turbulent Prandtl number was found to vary 
from values less than unity at the tube center to values 
greater than unity at the tube wall. These results agree 
with previous mass transfer work and with theoretical 
models and empiricisms. 
4. The comparison of the thermal diffusivity results 
with mass and momentum diffusivity results indicated that 
the molecular properties of the fluid have an important in­
fluence on the turbulent properties. 
5. The space averaged thermal and momentum dif­
fusivities were found to be roughly linear with Reynolds 
number. The ratio of the flow velocity and space 
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averaged diffusivity, expressed in terms of a Peclet 
number, was found to decrease slightly with Reynolds 
number. 
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RECOMMENDATIONS 
After careful analysis of the results determined in 
this study on eddy thermal diffusivities, the following 
recommendations for further work are made: 
1. A more accurate method should be employed to 
measure the time averaged point velocities at low Reynolds 
numbers. Possibly a pressure transducer could be used to 
measure the difference between static and kinetic pressures 
instead of a U-tube manometer. 
2. A method to either dampen the fluctuations of 
temperatures measured in the flow field or to time average 
the measured temperatures accurately should be developed. 
3. A study should be made to determine the Reynolds 
number at which natural convection effects begin to distort 
the velocity profile. A better correlation of the vari­
ables determining natural convection than presently avail­
able should be developed. 
4. A model for the eddy diffusivities could possibly 
be developed which combines exchange coefficient theory 
and mixing-model theory. 
5. A correlation similar to the one proposed to 
correlate eddy thermal diffusivity results (eH/a§ versus y+ 
with Npr as parameter) should be tried for eddy mass dif­
fusivity data at different Schmidt numbers. 
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6. Further work similar to this investigation using 
different Prandtl number fluids should be conducted in 
order to determine the effect of molecular properties of 
the fluids on the turbulent properties. 
107 
NOMENCLATURE 
Heat capacity per unit mass, Btu/lbm °F 
Tube diameter, feet 
Fanning friction factor 
Increment size in numeral integration 
Local film heat transfer coefficient, Btu/sec 
Thermal conductivity, Btu/sec (°F/ft) ft2 
Total thermal conductivity, K = k1 + k^ 
Axial distance from entrance, feet 
Prandtl mixing-length 
Constant, 0.124 
Nusselt number, hD/k 
Heat transfer Peclet number, 2RV/eH 
Heat transfer Peclet number, yv/Sjj 
Momentum transfer Peclet number, yv/e^ 
Space averaged turbulent Peclet number, 2RV/< 
Molecular Prandtl number, v/a 
Turbulent Prandtl number, em/eH 
Space averaged turbulent Prandtl number = 
< =m >/< =H > 
PRV Reynolds number, -re­
position Reynolds number, yv/v 
"Corrected" Reynolds number, NRe - 2100 
Fluid pressure, lbf/ft2 
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q Time averaged energy flux, Btu/sec ft2 
% Energy flux at the wall, Btu/sec ft2 
r Radial distance, feet 
R Tube radius, feet 
Rh Hydraulic radius, feet-
T Time averaged temperature, °F 
Ti Temperature at z = 0, °F 
T+ 4- * / Dimensionless temperature, T = pCpu (T - T. R^/qR 
t Time, seconds 
um Maximum value of mean local fluid velocity, ft/sec 
u+ Dimensionless velocity, v/u 
u* Friction velocity, Wf/2 
U+ Dimensionless velocity, (v/u*)(V/um) 
V Radial point velocity, ft/sec 
V Time averaged point velocity, ft/sec 
v+ Dimensionless velocity, v/V 
V Average velocity, ft/sec 
y Distance from tube wall 
y+ Dimensionless distance, yWf/2/v 
u 
Dimensionless distance, (yWf/2/v) (~S) Y+ 
z Axial distance from tube inlet, feet 
a Molecular thermal diffusivity, k/pCp, ft2/s ec 
A m
 
V
 Space averaged eddy diffusivity, ft2/sec 
®H Eddy thermal diffusivity, ft2/sec 
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2 Eddy momentum diffusivity, ft /sec 
Eddy mass diffusivity, ft2/sec 
Dimensionless axial position variable, z /R 
Dimensionless temperature variable, 
6 = (T - T^/fqpR/k) 
Bulk mean temperature variable 
O 
Molecular thermal diffusivity, ft /sec 
Dimensionless radial position variable, (r/R)2 
Fluid density, Ib^/ft3 
p 
Shear stress, Ib^/sec ft 
Dimensionless radial temperature function 
Viscosity, lbm/ft sec 
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APPENDIX 
Table 2. Normalized velocity profile and temperature 
. profile results 
NRe = 10,670 NRe = 14,480 NRe = 15,970 NRe - 18,770 
? v+ T(°F) v+ T(°F) v+ T(°F) v+ T(°F) 
0.00 1.21 78.4 1.19 78.4 1.18 79.0 1.20 78.6 
0.05 . 1.18 78.4 1.16 78.6 1.17 79.1 1.18 78.6 
0.10 1.17 78.5 1.15 78.7 1.15 79.2 1.16 78.7 
0.15 1.15 78.5 1.13 78.8 1.13 79.2 1.15 78.8 
0.20 1.14 78.6 . 1.12 78.8 1.12 79.3 1.13 78.8 
0.25 1..12 78.7 1.11 78.9 1.11 79.4 1.12 78.9 
0.30 1.11 78.8 1.10 79.0 1.10 79.4 1.10 78.9 
0.35 1.10 78.9 1.08 79.1 1.08 79.5 1.09 79.0 
0.40 1.09 79.0 1.07 79.2 I.O6 79.6 1.07 79.0 
0.45 1.07 79.1 1.06 79.3 1.05 79.6 1.06 79.1 
0.50 1.06 79.3 1.05 79.4 1.04 79.7 1.04 79.2 
0.55 1.04 79.4 1.03 79.5 1.02 79.8 1.03 79.2 
0.60 1.02 79.6 1.02 79.6 1.01 79.9 1.01 79.3 
0.65 1.00 78.8 1.00 79.8 0.99 80.0 0.99 79.4 
0.70 0.98 80.0 0.98 79.9 0.98 80.1 0.96 79.5 
0.75 0.96 80.4 0.96 80.0 0.96 80.3 0.94 79.6 
0.80 0.93 80.9 0.93 80.3 0.93 80.5 0.91 79.8 
0.85 0.90 82.0 0.89 80.8 0.90 80.8 0.88 80.0 
0.90 0.84 84.4 0.84 81.6 0.85 81.2 0.83 80.3 
0.95 0.53 89.7 0.75 83.6 0.77 83.3 0;76 81.0 
1.00 0.00 101.9 0.00 92.3 0.00 90.0 0.00 88.7 
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Table 3. Experimental velocity distribution 
NRe 14,480 . NRe " 15,970 NRe 18,770 
§ y+ u+ y+ u+ y+ u+ 
0.0 435 19.0 474 20.0 545 20.6 
0.1 297 18.7 324 19.3 373 20.0 
0,2 240 18.4 261 19.0 302 19.5 
0.3 197 18.1 214 18.5 247 19.0 
0.4 160 17.7 174 18.0 200 18.5 
0.5 127 17.4 139 17.5 160 17.9 
0.6 98.0 17.0 107 17.0 123 17.35 
0.7 71 .0 17.5 77.3 16.4 89.0 16.6 
0.8 45 »9 15.8 50.0 15.7 57 .6 15.7 
0.9 22 .3 14.3 24.2 14.4 27 .9 14.3 
0.95 11 .0 13.2 12.0 12.9 13 .8 13.1 
1,00 0 .0 0.0 0.0 0.0 0 .0 0.0 
Table 4. Eddy momentum and thermal dlffuslvltles and turbulent Prandtl number 
results 
NRe = 10,670 N. Re = 14,480 N Re = 15,970 NRfi = 18,770 
m 'H N Pr m H N Pr m H N. Pr m H N Pr 
0.025 
0.075 
0.125 
0.175 
0.225 
0.275 
0.325 
0.375 
0.425 
0.475 
0,525 
0.575 
0.625 
0.675 
0.725 
0.775 
0.825 
0.875 
0.925 
0.975 
2.19 
3.13 
3.63 
3.88 
3.84 
3.78 
3.72 
3.60 
3.49 
3.32 
3.14 
2.93 
2.71 
2.39 
1.98 
1.55 
1.15 
0.759 
0.033 
0.014 
2.55 
3.49 
3.83 
3.77 
3.50 
3.08 
2.68 
2.35 
2.06 
1.81 
1.59 
1.39 
1.15 
O.890 
0.604 
0.451 
0.195 
0.080 
0.027 
0.002 
0.858 
0.898 
0.947 
1.03 
1.10 
1.22 
1.39 
1.54 
1.70 
1.83 
1.97 
2.12 
2.35 
2.69 
3.29 
3.43 
5.90 
9.43 
1.25 
7.51 
2.02 
3.31 
4.19 
4.45 
4.52 
4.55 
4.58 
4.62 
4.55 
4.45 
4.12 
3.91 
3.45 
3.00 
2.55 
2.10 
1.62 
1.06 
0.698 
0.00 
2.35 
3.33 
3.97 
4.09 
4.01 
3.95 
3.90 
3.74 
3.51 
3.30 
2.99 
2.66 
2.34 
1.97 
1.63 
1.22 
0.609 
0.329 
0.130 
0.018 
0.858 
0.994 
1.06 
1.09 
1.13 
1.15 
1.18 
1.24 
1.30 
1.35 
1.38 
1.47 
1.48 
1.52 
1.56 
1.71 
2.67 
3.23 
5.36 
0 
3.18 
4.00 
4.58 
4.83 
4.81 
4.80 
4.76 
4.72 
4.65 
4.52 
4.39 
4.22 
3.95 
3.65 
3.22 
2.55 
1.92 
1.29 
0.698 
0 
2.91 
3.95 
4.68 
5.00 
5.09 
5.00 
4.87 
4.69 
4.47 
4.23 
3.94 
3.58 
3.15 
2.63 
2.06 
1.54 
1.11 
0.637 
0.086 
0.037 
1.10 
1.01 
0.980 
0.966 
0.946 
0.958 
0.978 
1.01 
1.04 
1.07 
1.12 
1.18 
1.26 
1.39 
1.56 
1.66 
1.73 
2.02 
8.10 
0 
4.11 
4.42 
4.77 
5.04 
5.22 
5.38 
5.42 
5.34 
5.15 
4.87 
4.50 
4.04 
3.63 
3.22 
2.77 
2.35 
1.91 
1.47 
1.00 
0.010 
4.33 
4.81 
5.22 
5.50 
5.60 
5.56 
5.33 
5.06 
4.65 
4.30 
3.89 
3.52 
3.11 
2.71 
2.32 
1.90 
1.50 
0.779 
0.366 
0.018 
0.949 
0.918 
0.914 
0.917 
0.933 
0.967 
1.02 
1.06 
1.11 
1.13 
l.l 6 
1.15 
1.17 
1.18 
1.19 
1.24 
1.27 
1.89 
2.74 
0.544 
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Table 5. Space averaged diffuslvlty results 
< em > x 104 < e„ > x 104 < 4r > < N»e >H 
NRe (ft2/sec) (ft2/sec) 
10,670 2.56 1.78 1.44 560 
14,480 3.27 2.50 1.31 542 
15,970 3.54 3.18 l.ll 468 
18,770 3.73 3.52 1.06 500 
124 
Table 6. Position numbers results 
NRe (NpeC (Npe^H NRe ^Pe^m ^Pe^H 
NRe = 10,670 NRe = 15, 970 
0.1 4200 116 106 6210 135 132 
0.2 3300 80.8 86.6 4930 95.8 91.5 
0.3 2650 71.7 86.9 3940 77.5 74.7 
0.4 2110 55.9 89.5 3120 62.4 63.7 
0.5 1640 47.3 90.5 2420 50.4 55.5 
0.6 1230 40.7 91.8 1820 41.3 50.2 
0.7 859 36.3 104 1280 35.1 49.9 
0.8 532 34.6 163 793 32.9 55.1 
0.9 243 59.4 1070 355 33.8 116 
0.95 82.9 672 1340 164 37.0 361 
NRe - 14' 
0
 
CO -3- NRe = 18, 770 
0.1 5620 136 140 7390 152 137 
0.2 4450 94.0 104 5840 107 99.6 
0.3 3570 73.4 85.5 4660 8l.l 80.2 
0.4 2840 58.2 74.0 3690 66.1 71.3 
0.5 2210 48.2 66.5 2860 57.3 65.8 
0.6 I66O 42.3 61.8 2130 52.1 60.8 
0.7 1160 39.3 59.4 1480 46.7 55.4 
0.8 715 3 6.6 71.3 908 40.4 49.3 
0.9 319 33.0 162 403 29.9 67.9 
0.95 146 32.9 321 189 24.9 l4l 
Table 7. Position Peclet number, Corrected Reynolds number versus position 
Reynolds number correlation data 
NRe <NRe><NPe>m x 10& <NRe> <NPe>S x 1q8 NRe (NRe»NPe'D 
NRe = 10,670 NRe = 5,000
a 
0.1 4200 99.5 91.2 2820 21.0 
0.2 3300 69.2 74.2 2410 11.6 
0.3 2650 61.4 74.4 2000 10.1 
0.4 2110 47.9 76.7 1620 11.6 
0.5 1640 40.6 77.6 1230 16.0 
0.6 1230 34.9 78.7 864 21.1 
0.7 859 31.1 88.9 505 39.1 
0.8 532 29.7 140 160 31.0 
0.9 243 50.9 915 
0.95 82.9 576 1150 
NRe = 14,480 NRe = 7,500
a 
0.1 5620 169 174 4l4o 29.2 
0.2 4450 116 128 3560 20.0 
0.3 3570 90.8 106 2960 18.4 
0.4 2840 72.0 91.6 2380 19.4 
0.5 2210 59.7 82.2 1810 25.4 
0.6 1660 52.3 76.4 1270 37.8 
0.7 ll60 48.7 73.6 749 57.2 
0.8 715 45.3 88.2 260 78.8 
0.9 319 40.9 200 
0.95 146 40.8 397 
a(84). 
Table 7. (Continued) 
NRe 'NRe)(NPe)mxl°8 <NRe>(NPe>H x 1q8 "fie Ke>(NPe>D 
NRe " 15,970 
0.1 6210 188 182 
0.2 4930 133 127 
0 .3 3940 108 104 
0.4 3120 86.5 88.4 
0.5 2420 69.9 76.9 
0.6 1820 57.3 69.7 
0.7 1280 48.7 69.2 
0.8 793 45.6 160 
0.9 355 46.8 501 
0.95 164 51.4 
NRe = 18,770 
0.1 7390 254 228 
0.2 5840 178 166 
0.3 4660 135 134 
0.4 3690 110 119 
0.5 3860 95.5 110 
0.6 2130 86.9 101 
0.7 1480 77.8 92.4 
0.8 908 67.3 82.1 
0.9 403 49.8-  113 
0.95 189 41.5 235 
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Table 8. Nusselt number results 
NRe (&u)z 
Dittius-Boelter Equation 
NNU 
10,670 47.8 78.2 
14,480 113 100 
15,970 147 108 
18,770 139 123 
Table 9. Eddy thermal diffuslvlty correlation data 
§ y+ Va? y+ y+ Va§ y+ 
NRe = 10,670 
II <D 
a" 
14,480 11 0) sf 15,970 NRe = 18,77C 
0.1 228 2310 297 2360 324 2780 373 3190 
0.2 184 1120 240 1270 261 1580 302 1730 
0.3 151 602 197 819 214 1030 247 1140 
0.4 122 345 160 562 174 716 200 761 
0.5 97.5 210 127 390 139 510 160 510 
0.6 75.1 130 98.0 261 107 351 123 343 
0.7 54.3 70 71.0 162 77.3 212 89.0 223 
0.8 35.1 26 45.9 73 50.0 104 57.6 134 
0.9 17.0 3.5 22.3 12 24.2 19 27.9 38 
